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Abstract
For Λ a finite-dimensional k-algebra, k a field, we study the relations between the category of
all left Λ-modules, ModΛ, and the category of finitely generated Λ ⊗k k(x) = Λk(x)-modules,
modΛk(x). In particular, we consider those G ∈ modΛk(x) such that ΛG is indecomposable. We
prove that such modules are in the mouth of components in modΛk(x) which are tubes or have the
shape ZA∞, ZD∞, or ZB∞.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
Let Λ be a finite-dimensional k-algebra, k a field. By ModΛ we denote the category
of left Λ-modules, modΛ denote the full subcategory of ModΛ whose objects are the left
Λ-modules which are finite-dimensional over k.
It is known from [5] that if k is algebraically closed and Λ of tame representation type,
for any generic Λ-module there is a splitting EndΛ(G)= k(x)⊕ rad EndΛ(G), where k(x)
is the field of rational functions in x with coefficients in k. Chosen such a splitting G has a
structure of Λk(x) =Λ⊗k k(x)-module. In fact, G is indecomposable in modΛk(x). This
fact suggests a close relation between ModΛ and modΛk(x). We will see that for finite
representation type there is a simple relation between modΛ and modΛk(x). For infinite
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this case ΛG is a generic Λ-module). We will prove that these G are sitting in the mouth of
components of the form ZA∞, ZD∞, ZB∞, or in tubes. In particular, if k is algebraically
closed, Λ is of tame representation type and EndΛ(G)/ rad EndΛ(G) ∼= k(x) then G lies
in the mouth of a homogeneous tube.
2. Field extensions
Let Λ be a finite-dimensional k-algebra and k ⊆K a field extension, take the K-algebra
ΛK =Λ⊗k K .
Consider the functor
(−)⊗k K :ModΛ→ModΛK.
If M ∈ ModΛ we put MK = M ⊗k K . Here Λ is artinian, therefore any projective
(injective) Λ-module is coproduct of finitely generated Λ-modules, then from [10],
Lemmas 2.3 and 2.4, we have:
Lemma 2.1. (a) If P is projective in ModΛ then PK is projective in ModΛK . Moreover,
each indecomposable projective in ModΛK is a direct summand of PK for some projective
P ∈ModΛ.
(b) If E is injective in ModΛ, EK is injective in ModΛK . Moreover, any indecompos-
able injective in ModΛK is a direct summand of EK for some injective in ModΛ.
(c) For M,N ∈modΛ and i  0 the canonical homomorphism
ExtiΛ(M,N)⊗k K→ ExtiΛK
(
MK,NK
)
is an isomorphism.
(d) If M,N ∈modΛ then M ∼=N iff MK ∼=NK .
We are now going to consider the extension k ⊆ k(x), where k(x) is the field of
rational functions on x . In the following, a rational algebra is an algebra Γ = k[x]h(x) =
{f (x)/h(x)m |m ∈ N, f (x) ∈ k[x]} for h(x) ∈ k[x]. We put S(Γ )= {λ ∈ k | h(λ) = 0}.
For Γ a rational algebra we also consider the algebra Λ⊗k Γ = ΛΓ . Now if λ ∈ S(Γ ),
Sλ = k[x]/(x − λ) is a Γ -module. If L ∈ModΛΓ , L⊗Γ Sλ ∈ModΛ. If L is free finitely
generated over Γ then L⊗Γ Sλ is finite-dimensional over k.
Definition 2.1. A field extension k ⊆K is Mac Lane separable if chark = 0 or chark = p
and K is linearly disjoint from kp−1 over k, that is the natural homomorphism
K ⊗k kp−1 →Kkp−1 is bijective,
where kp−1 is the subfield of the algebraic closure of k consisting of the elements x with
xp ∈ k. Here K and kp−1 are considered as subfields of K the algebraic closure of K .
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trascendency base B over k, such that K is separable algebraic over k(B). The extension
k ⊂ k(x) is a particular case of separable extension in the sense of Mac Lane. In [9]
is proved that global dimension of a k-algebra is preserved under this last class of
extension. In [10] the behaviour of almost split sequences under Mac Lane separable
extensions is described. For the convenience of the reader we include Lemmas 2.2, 2.3
and Corollaries 2.1–2.3 which have been obtained in [10]. In case k ⊂ k(x) one can obtain
sharper results as those in Lemma 2.4 and in Section 3 of this paper.
Lemma 2.2. If k ⊆ K is a Mac Lane separable field extension and A is a semisimple
finite-dimensional k-algebra then AK is a semisimple K-algebra.
A consequence of the above is
Lemma 2.3. If k ⊆K is a Mac Lane separable field extension, then
(radΛ)K = rad(ΛK).
Corollary 2.1. Let X ∈modΛ.
(a) If
P1
φ→ P2 η→X→ 0
is a minimal projective presentation of X, then
PK1
φ⊗1−→ PK2
η⊗1−→XK → 0
is a minimal projective presentation of XK .
(b) If
0→X σ→E1 ρ→E2
is a minimal injective copresentation of X then
0→XK σ⊗1−→EK1
ρ⊗1−→EK2
is a minimal injective copresentation of XK .
Corollary 2.2. For X ∈modΛ there are isomorphisms
(D trΛX)K ∼=D trΛK XK, (trDΛX)K ∼= (trDΛK )XK.
In the rest of the paper we put K = k(x).
R. Bautista, Z. Yingbo / Journal of Algebra 267 (2003) 342–358 345Lemma 2.4. Let D be a division ring containing the field k in its center and of finite
dimension over k. Then D⊗k K =DK is a division ring.
Proof. First we will prove that in DK the product of nonzero elements is nonzero. We
consider D ⊗k k[x], the elements of this ring are polynomials ∑aiXi with ai ∈ D and
X = 1⊗x . Clearly, the product of two nonzero elements in this ring is nonzero. We have an
inclusion D⊗k k[x] i→DK , we will identify a ∈D⊗k k[x] with its image i(a). With this
identification if u,v ∈DK , u= a(1⊗ 1/h(x)), v = b(1⊗ 1/g(x)) with h(x), g(x) ∈ k[x],
a, b ∈D ⊗k k[x]. Then, if 0 = uv = ab(1 ⊗ 1/h(x)g(x)) we have ab = ab(1⊗ 1)= 0.
Therefore, either a = 0 or b = 0, thus either u = 0 or v = 0. On the other hand, by
Lemma 2.2, DK is a semisimple finite-dimensional K-algebra where the product of
nonzero elements is nonzero, this implies by the Wedderburn theorem that DK is a division
ring. ✷
Lemma 2.5. If M ∈modΛ is indecomposable, then MK is indecomposable in modΛK .
Proof. Since M is indecomposable F(M) = EndΛ(M)/ rad EndΛ(M) is a division ring.
Then by Lemma 2.1(c):
EndΛK
(
MK
)
/ rad EndΛK
(
MK
)∼= EndΛ(M)K/ rad
(
EndΛ(M)
)K
∼= EndΛ(M)K/
(
rad EndΛ(M)
)K ∼= (EndΛ(M)/ rad EndΛ(M)
)K
∼= F(M)⊗k K = F(M)K,
by Lemma 2.4 this is a division ring and consequently EndΛK (MK) is local ring which
implies that MK is indecomposable. ✷
Corollary 2.3. (a) P indecomposable in modΛK is projective iff P ∼= PK1 for some
indecomposable projective P1 in modΛ.
(b) E indecomposable in modΛK is injective iff E ∼= EK1 for some indecomposable
injective E1 in modΛ.
3. Almost split sequences
Here we will study the relation between almost split sequences in modΛ and modΛK .
We will need the following useful result.
Proposition 3.1. LetR be a finite-dimensional k-algebraM ∈modR indecomposable then
0→D trRM f→E g→M→ 0
is an almost split sequence if for any u ∈ rad EndR(M) there is h :M→E with gh= u.
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the socle of ExtR(M,D trR M) as right EndR(M)-module (see [1, Proposition 2.1, Chap-
ter V]). ✷
In the rest of the paper we will assume that if Λ is a finite-dimensional k-algebra, Λ is
connected, this is, 1 is the only nonzero central idempotent of Λ.
Proposition 3.2. If 0→N f→E g→M→ 0 is an almost split sequence in modΛ, then
0→NK f⊗1K−−−→EK g⊗1K−−−→MK → 0
is an almost split sequence in modΛK .
Proof. HereN ∼=D trΛM and NK ∼=D trΛK (MK) by Corollary 1.3. Now by Lemmas 2.1
and 2.3 rad(EndΛK (MK)) = rad(EndΛ(M))K . Therefore, any morphism u ∈ EndΛK (M)
is a sum of the form u = ∑j uj ⊗ cj with uj ∈ rad EndΛ(M), cj ∈ K . Since the
first sequence is almost split then there are hj : M → E with uj = ghj , thus u =
(g⊗ 1)(∑j hj ⊗ cj ) with
∑
j hj ⊗ cj : MK → EK . Then by our previous proposition
we obtain our claim. ✷
We recall that the valued Auslander–Reiten quiver ofΛ has by vertices the isomorphism
classes of indecomposable objects in modΛ, if [X], [Y ] are isoclasses of indecomposables
we put an arrow α : [X] → [Y ] if there is a minimal right almost split morphism E→ Y ,
with X direct summand of E, in this case also there is a minimal left almost split morphism
X→ F , with Y direct summand of F . The valuation of the arrow is (a(α), a′(α)) where
a(α) is the multiplicity of Y as direct summand of F and a′(α) is the multiplicity of X as
direct summand of E. We recall that in the case that Y is indecomposable nonprojective
there is an arrow α : [X] → [Y ] iff there is an arrow β : [D trY ] → [X], moreover,
a(α)= a′(β), a′(α)= a(β).
Theorem 3.1. Suppose k is any field. If C is a connected component of the Auslander–
Reiten quiver of Λ and [X] is in C , then the map [Y ] → [YK ] induces an isomorphism
of valued quivers between C and CK , where the latter is the component containing the
isoclass [XK ] in modΛK .
Proof. It follows from (a), (b) of Corollary 2.3, (d) of Lemma 2.1, Lemma 2.5 and
Proposition 3.2. ✷
As a consequence we have
Theorem 3.2 (Compare [9]). Suppose k is any field. Then Λ is of finite representation type
iff ΛK is of finite representation type. In this case the corresponding valued Auslander–
Reiten quivers are isomorphic.
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Auslander–Reiten quiver has only a finite connected component but this implies that the
valued Auslander–Reiten quiver of ΛK has a finite connected component, which implies,
sinceΛK is connected, thatΛK has only one finite connected component, so ΛK is of finite
representation type. Conversely, if ΛK has finite representation type the valued Auslander–
Reiten quiver has only one connected component and this component is finite. By our
previous result Λ has also only one component and this is finite. ✷
Definition 3.1. We will say that X ∈ModΛK is defined over k providedX ∼= YK for some
Y ∈ModΛ.
Theorem 3.3. Let Λ be a k-algebra, k algebraically closed, K = k(x). Then the following
statements are equivalent:
(i) Λ is of finite representation type;
(ii) ΛK is of finite representation type;
(iii) any M ∈modΛK is defined over k.
Proof. By Theorem 3.2 (i) and (ii) are equivalent. Now if ΛK is of finite representation
type by the second part of Theorem 3.2 all indecomposables ΛK -modules are defined
over k. Thus anyM ∈modΛK is defined over k. We only need to prove that (iii) implies (i).
So suppose any M ∈ modΛK is defined over k. Assume Λ is of infinite representation
type. Since k is algebraically closed by [2] and [3] there are infinitely many nonisomorphic
indecomposable modules with the same k-dimension. Then by the equivalence (2)–(4) in
Theorem 9.6 in [6] there is a G ∈modΛK such that ΛG is indecomposable, but then G is
not defined over k, therefore Λ is of finite representation type. ✷
4. Minimal projective presentations
We recall that if M ∈ ModΛ, a minimal projective presentation of M is given by an
exact sequence
P
φ→Q η→M→ 0
such that Imφ ⊂ (radΛ)Q and Kerφ ⊂ (radΛ)P .
Lemma 4.1. Suppose PK φ→QK η→M→ 0 is a minimal projective presentation of M as
ΛK -modules. Then ΛPK
φ→ ΛQK η→ ΛM → 0 is a minimal projective presentation for
ΛM in ModΛ.
Proof. We have Imφ ⊂ (radΛK)QK = (radΛ)ΛQK . In the same way we obtain kerφ ⊂
(radΛ)ΛPK , this proves our claim. ✷
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projectives, similarly InjΛ is the full subcategory of ModΛ whose objects are injectives.
By projΛ we denote the full subcategory of ProjΛ whose objects are in modΛ, similarly
for injΛ.
There is an equivalence of categories (see [11]): F : ProjΛ→ InjΛ given by F(−)=
D(Λ) ⊗Λ −, where for M ∈ modΛ, D(M) = Homk(M,k). Now if M ∈ ModΛ, there
is a minimal projective presentation P φ→ Q η→ M → 0. Following [11] we define
A(M) = ker(F (φ)); F(φ) : F(P)→ F(Q). Now if M i→ I u→ J is a minimal injective
copresentation of M , as in [11] we define A−1(M)= Coker(HomΛ(D(Λ),u)).
Clearly, if M ∈modΛ, A(M)∼=D trΛM,A−1(M)∼= trDΛM .
On the other hand, we have the restriction functor res :modΛK →ModΛ. This restricts
to functors, res : projΛK → ProjΛ, res : injΛK → InjΛ.
For M ∈ modΛK , we have the dual with respect to the field K , Dx(M) =
HomΛK (M,K). As above there is an equivalence: Fx : projΛK → injΛK , given by
Fx(−)=Dx(ΛK)⊗ ΛK−.
If we consider PK ∈modΛK , F(resPK)=D(Λ)⊗ ΛPK is a Λ-K-bimodule.
Remark. res(F x(PK))∼= F(res(PK)) as Λ-K-bimodules.
Proof. For PK consider the following composition of morphisms:
Fx
(
PK
) = HomK
(
ΛK,K
)⊗ ΛKPK ∼=HomΛ(Λ,k)⊗k K ⊗ ΛKP ⊗k K
σ→ Homk(Λ, k)⊗ Λ(P ⊗k K),
with σ(a⊗ b⊗p⊗ c)= a⊗ (p⊗ bc). The above composition is natural in PK , if we put
P =Λ we obtain an isomorphism, then since any P is a direct sum of summands of Λ we
obtain our result. ✷
Now if PK φ→ QK η→ M is a minimal projective presentation, res(φ) is a minimal
projective presentation of ΛM , therefore, A(ΛM)= kerF(resφ) has a structure of Λ-K-
bimodule.
Proposition 4.1. If M ∈modΛK , ΛD trΛK M ∼=A(ΛM), as Λ-K-bimodules.
Proof. Take PK φ→QK η→M→ 0 a minimal projective presentation of M . Then by our
previous remark, D trΛK M = kerFx(φ)∼= kerF(resφ)= A(ΛM) isomorphism of Λ-K-
bimodules. ✷
Proposition 4.2. If M ∈modΛK , then A−1(ΛM)∼= Λ trDΛKM .
Proof. In the following if f : X→ Y and f ′ : X′ → Y ′ are morphisms in a category we
will say that they are isomorphic if there are isomorphisms u : X→ X′ and v : Y → Y ′
such that f ′u= vf .
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HomΛK
(
ΛK/ radΛK,X
)∼=HomΛK
(
(Λ/ radΛ)K,X
)∼=HomΛ(Λ/ radΛ,X).
The composition of the above isomorphisms is natural in X. Therefore, if f : X→ Y is
a morphism in modΛK , the morphisms HomΛK (ΛK/ radΛK,f ) and HomΛ(Λ/ radΛ,f )
are isomorphic in the category of k-vector spaces.
Now recall that a morphism X i→ I in ModΛ with I injective is an injective envelope
iff HomΛ(Λ/ radΛ, i) is isomorphism. Therefore, if we have an exact sequence 0→X i→
I
φ→ J η→ C→ 0 with I , J injectives, X i→ I φ→ J is a minimal injective copresentation
iff HomΛ(Λ/ radΛ,φ)= 0 and HomΛ(Λ/ radΛ,η)= 0.
Consider now M i→ EK1
φ→ EK2 a minimal injective copresentation of M ∈ ModΛ.
Take η :EK2 → C a cokernel of φ. Then
HomΛ(Λ/ radΛ,φ)∼=HomΛK
(
ΛK/ radΛK,φ
)= 0,
HomΛ(Λ/ radΛ,η)∼=HomΛK
(
ΛK/ radΛK,η
)= 0,
consequently ΛM
i→ ΛEK1
φ→ ΛEK2 is a minimal injective copresentation in ModΛ.
We have
A−1(ΛM)∼= Coker
(
HomΛ
(
D(Λ),φ
))
trDΛKM ∼= Coker
(
HomΛK
(
DxΛ
K,φ
))
.
On the other hand, DxΛK = HomK(Λ,K)∼=Homk(Λ, k)⊗k K =D(Λ)K .
Therefore,
HomΛK
(
DxΛ
K,Y
)∼=HomΛK
(
D(Λ)K,Y
)∼= HomΛ
(
D(Λ),ΛY
)
as Λ-modules. The composition of the above isomorphisms is natural in Y . Consequently,
HomΛ(D(Λ),φ) ∼= HomΛK (DxΛK,φ) as morphisms of Λ-modules. This implies our
proposition. ✷
We recall from [5] that G an indecomposable Λ-module is called generic if G
has finite endolength, this is, G has finite length as left EndΛ(G)-module, and G
has infinite dimension over k. In this case EndΛ(G) is a local ring and its radical is
nilpotent [6, Proposition 4.4, Lemma 4.2].
From [11, Propositions 5.10, 5.11] we have:
Proposition 4.3. If G is a generic Λ-module, then A(G) and A−1(G) are also generic
Λ-modules.
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is indecomposable then ΛH is a generic Λ-module.
Proof. We have K ⊂ EndΛK (H)⊂ EndΛ(ΛH) and H has finite length over K , then also
has finite length over EndΛ(ΛH), thus ΛH has finite endolength. If, moreover, ΛH is
indecomposable, ΛH is generic by definition. ✷
Proposition 4.4. If H ∈modΛK is such that ΛH is indecomposable, then ΛD trΛK H and
Λ trDΛKH are indecomposables.
Proof. Here A(ΛH) ∼= ΛD trΛK H and A−1(ΛKH) ∼= Λ trDΛKH . Thus, if ΛH is
indecomposable, is generic, consequently A(ΛH) and A−1(ΛH) are generic, then
indecomposables. This proves our claim. ✷
5. A-periodic modules
Let G be in modΛK with ΛG indecomposable. We are interested in C which is the
component of the Auslander–Reiten quiver of ΛK containing [G]. For this we first will
consider the case in which G is A-periodic, this is, there is a positive integer s such that
As(ΛG)∼= ΛG. Observe that if G is A-periodicG is not necessarily D trΛK -periodic, since
there are Λ-isomorphisms which are not K-linear. Nevertheless, we will prove that if G is
A-periodic then for some s, dimK(D trΛK )sG= dimK G.
First, we consider some general facts. Let B be a R-algebra, R a field. Consider
A the category ModB or modB . If D is an additive subcategory of A, the category
AD is the category with objects those of A and the space of morphisms is given
by HomAD (X,Y ) = HomA(X,Y )/FD(X,Y ), where FD(X,Y ) is the subspace of all
morphisms which factorizes through some object in D.
We define
ModB =Mod BProjB, ModB =Mod BInjB,
modB =modBprojB, modB =modBinjB.
We recall from [11] that the assignment M → AM induces an equivalence A :
ModΛ → ModΛ and X → D trΛK X induces an equivalence D trΛK : modΛK →
modΛK . Now observe that for M ∈ modΛK , the K-structure of M induces a morphism
of rings l : K → EndΛ(ΛM). On the other hand, A induces an isomorphism η :
EndΛ(ΛM)→ EndΛ(A(ΛM)). The K-structure of A(ΛM) induces a morphism of rings
l′ :K→ EndΛ(A(ΛM)), we have the commutative diagram:
K
l
EndΛ(ΛM) EndΛ(ΛM)
η
K
l′
EndΛ
(
A(ΛM)
)
EndΛ
(
A(ΛM)
)
.
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EndΛ(A(ΛM)) as K-modules, therefore we obtain an isomorphism of K-modules φM :
EndΛ(ΛM)→ EndΛ(ΛD trΛK M).
For H a generic Λ-module we put F(H) = EndΛ(H)/ rad EndΛ(H). We denote by
el(H) the endolength of H . Observe that for G ∈modΛK , EndΛ(ΛG) is a left K-module.
Moreover, if ΛG is indecomposable, rad(EndΛ(ΛG)) is a left K-module, thus F(ΛG) is
a left K-module.
Lemma 5.1. Suppose G is an object in modΛK with ΛG indecomposable, then
dimK F(ΛG) is finite and dimK G= el(ΛG)dimK F(ΛG).
Proof. Here G has finite endolength, there is a chain of EndΛ(G)-submodules of G:
0⊂Gs ⊂ · · · ⊂G1 ⊂G
such that each Gi/Gi+1 ∼= F(ΛG) as left EndΛ(G)-modules, consequently as K-modules.
From here we obtain our result. ✷
Lemma 5.2. If G ∈modΛK and ΛG is indecomposable,
dimK F(ΛG)= dimK F(ΛD trΛK G).
Proof. Since ΛG is a non projective indecomposable any morphism which factorizes
through some projective is in the radical. Therefore, φG induces an isomorphism of
K-modules F(ΛG)→ F(ΛD trΛK G). This proves our lemma. ✷
Lemma 5.3. With the above hypothesis. If Λ(D trΛK )sG∼= ΛG for some s, then
dimK
(
D trΛK
)s
G= dimK G.
Proof. Putting Gs = (D trΛK )sG, one obtains dimK Gs = el(ΛGs)dimK F(ΛGs) =
el(ΛG)dimK F(ΛG)= dimK G. ✷
Proposition 5.1. Let G be in modΛK , with ΛG indecomposable. Then if G is A-periodic,
C , the Auslander–Reiten component of ΛK containing [G] is a tube or it has shape ZA∞.
Proof. By Theorem 3.1 if X is defined over k, [X] ∈ C then for all [Z] ∈ C , Z is
defined over k. Now, by Corollary 2.3 indecomposable injectives and indecomposable
projectives are defined over k. Observe that any ΛK -module of the form MK with M a
Λ-module when restricted to Λ is isomorphic to an infinite sum of copies of M . Here
ΛG is indecomposable, G is not defined over k. Therefore, C cannot contain isoclasses of
projectives or injectives, consequently our component is regular. In case C is periodic, C is
a tube, by [7] or [14]. In case C is not periodic, by our previous lemma, in the D trΛK -orbit
of G, there are infinitely many nonisomorphic modules with the same K-dimension. Thus,
by [13, Theorem 5.3], C has shape ZA∞. ✷
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Let G be an object in modΛK with ΛG is indecomposable and C the component of the
Auslander–Reiten quiver of ΛK containing [G]. Before we have described the shape of C
when G is A-periodic. Now we will consider the general case.
Proposition 6.1. Let H be indecomposable in modΛK and
0→H ′ u→E v→H → 0 (1)
an almost split sequence in modΛK , then if H is not defined over k, the exact sequence
0→ ΛH ′ u→ ΛE v→ ΛH → 0 (2)
splits in ModΛ.
Proof. Since ΛH ′ has finite endolength, thus by [12], H is pure injective. For proving our
result it is enough to prove that (2) is a pure exact sequence. For this, by [12, Lemma 3.3],
we need to prove that for any X ∈modΛ, the induced sequence
0→HomΛ
(
X,ΛH
′) u∗−→HomΛ(X,ΛE) v∗−→HomΛ(X,ΛH)→ 0
is exact. For this we only need to prove that v∗ is an epimorphism.
Take h : X → ΛH a morphism of Λ-modules. We have the morphism h˜ : XK h⊗1−→
ΛH ⊗k K m→H in modΛk(x), where m : ΛH ⊗k K→H is given by the multiplication by
elements of K using the K-structure of H . The morphism h˜ is not split epimorphism,
otherwise H would be a direct summand of XK , which is not possible, since H is
not defined over k. Now the sequence (2) is an almost split sequence, thus there is a
g : XK → E such that vg = h˜. On the other hand, we have the morphism of Λ-modules
σ : X→ XK given by σ(x)= x ⊗ 1. Then vgσ(x) = h˜(x ⊗ 1) = h(x). Therefore, v∗ is
epimorphism, which proves our claim. ✷
Remark. If M ∈ modΛK , ΛM has finite endolength, therefore ΛM ∼=⊕i∈I Mi with Mi
indecomposable of finite endolength. Now, since endomorphism rings of indecomposable
finite endolength modules are local, if I is finite and ΛM ∼=⊕Nj∈J , Nj indecomposable,
then J is finite and there is a bijective function σ : I → J such that for all i ∈ I , Nσ(i) ∼=Mi
(see [6, Propositions 4.4, 4.5]).
Proposition 6.2. Let G be an indecomposable in modΛK , and C the component of [G] in
the Auslander–Reiten quiver of ΛK . Suppose ΛG is indecomposable, then:
(i) C is a regular component;
(ii) if [Z] ∈ C , ΛZ is a finite direct sum of generic Λ-modules Yi with Yi ∼= ΛHi , Hi in
the D trΛK -orbit of G;
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ΛZ is a D trΛK -invariant, additive function in the sense of [7].
Proof. The part (i) is proved as in Proposition 5.1.
For proving (ii), denote by T the family of generic Λ-modules Z which are isomorphic
to some ΛY with Y in the D trΛK -orbit of G. Thus, for such modules A(Z)∼= A(ΛY ) ∼=
ΛD trΛK Y and A−1(Z) ∼= trDΛKY by Propositions 4.1 and 4.2. Therefore, if Z is in T ,
A(Z) and A−1(Z) are also in T .
For [X] ∈ C consider the almost split sequences:
0→X→
n⊕
i=1
Fi → trDΛKX→ 0, 0→D trΛK X→
n⊕
j=1
Ej →X→ 0
with the Fi and Ej indecomposables. If ΛX is a direct sum of objects in T then
ΛD trΛK X ∼= A(ΛX) and Λ trDΛKX ∼= A−1(ΛX) are also finite direct sums of objects
in T . By Proposition 6.1
⊕n
i=1(ΛFi) ∼= ΛX ⊕ A−1(ΛX). Thus, by the remark before
Proposition 6.2 each ΛFj is a finite direct sum of objects in T . In similar way each ΛEj
is a finite direct sum of objects in T . Now by induction on the minimal number of arrows
connecting [Z] with [G] we can prove that for [Z] ∈ C , ΛZ is a finite direct sum of objects
in T . This proves (ii).
Now observe that by Proposition 6.1 s([X])+ s([D trΛK X]) =
∑
i s([Ej ]), therefore
s is an additive function. Moreover, if ΛX ∼= ⊕ni=1 Hi with Hi ∈ T , ΛD trΛK X ∼=
A(ΛX) ∼= ⊕ni=1A(Hi) thus s([D trΛK X]) = s([X]), therefore s is D trΛK -invariant,
proving (iii). ✷
Lemma 6.1. Suppose G ∈modΛK is such that ΛG is indecomposable, then if 0→G1 u→
E
v→G→ 0 is an almost split sequence in modΛK , E is an indecomposableΛK -module.
Proof. By Proposition 6.1 and the Remark before Proposition 6.2, s(E) = 2, therefore,
if E is decomposable, E ∼= Z1 ⊕ Z2, with s(Z1) = s(Z2) = 1, thus Z1 and Z2 are
both indecomposables ΛK -modules. Our almost split sequence restricted to Λ splits,
therefore, we have ΛE ∼= ΛG ⊕ ΛG1. But then we may assume ΛZ1 ∼= ΛG. Take
Z1
v1→ G the restriction of v, v1 is an irreducible morphism in modΛK . Therefore, v1
is not isomorphism. We have an isomorphism in ModΛ, G σ→ Z1, then the morphism
v1σ : ΛG→ ΛG is not isomorphism, since EndΛ(G) is local, then v1σ is in the radical
which implies that v1σ is nilpotent [6, Lemma 4.2]. But v1 is either monomorphism or
epimorphism, the same is true for v1σ , but a nilpotent endomorphism cannot be neither
epimorphism nor monomorphism. Thus, E is indecomposable. ✷
In the following G ∈ modΛK with ΛG indecomposable, denote by E2 the middle
term of the almost split sequence ending in G and C the corresponding Auslander–Reiten
component of G. Also, if Z ∈ C , we put Zs =D trs k(x) Z.Λ
354 R. Bautista, Z. Yingbo / Journal of Algebra 267 (2003) 342–358Lemma 6.2. Suppose G is not A-periodic. Let 0 → (E2)1 → F ⊕G1 → E2 → 0 be an
almost split sequence in modΛK . Then, ΛF ∼= ΛG⊕ΛG1⊕ΛG2 and if F is decomposable
F ∼=Z1 ⊕Z2 with Z1 and Z2 indecomposables, ΛZ2 ∼= ΛG1, ΛZ1 ∼= ΛG⊕ ΛG2.
Proof. From Proposition 6.1 we obtain ΛF ∼= ΛG⊕ΛG1⊕ΛG2. Thus s(F )= 3. Suppose
F = Z1 ⊕ Z2 ⊕ Z3, with Zi  0 for i = 1,2,3. Then for i = 1,2,3, s(Zi)= 1. Thus, for
some i , ΛZi ∼= ΛG2. There is an almost split sequence 0 → Z1i → (E2)1 → Zi → 0. But
then Λ(E2)1 ∼= ΛG1 ⊕ ΛG2 ∼= Λ(Zi ⊕Z1i )∼= ΛG2 ⊕G3. Thus, ΛG1 ∼= ΛG3, which is not
the case.
Thus, if F is decomposable, F = Z1 ⊕ Z2 with s(Z1) = 2, s(Z2) = 1. There is an
almost split sequence 0→Z12 →E12 →Z2 → 0. Then Λ(Z2 ⊕Z12)∼= ΛG1 ⊕ ΛG2. Thus,
ΛZ2 ∼= ΛG1. Consequently, ΛZ1 ∼= ΛG⊕ ΛG2. ✷
Now we will use the notation and definitions of [7]. We will say that the translation
quiver C has shape ZΓ , with Γ a valued graph if C is isomorphic as translation quiver with
ZΓ where Γ is an orientation for Γ .
We will consider the following valued graphs:
A∞∞
. . . o o o . . .
A∞ o o o . . . o o . . .
D∞ · · · o o · · · o o
o

o
B∞ o
(1,2)
o o · · · o o · · ·
C∞ o
(2,1)
o o · · · o o · · ·
Theorem 6.1. Let G be in modΛK such that ΛG is indecomposable. Then C , the
component of the Auslander–Reiten quiver of ΛK containing [G] is a tube or it has the
shape ZA∞, ZB∞, or ZD∞. In the last two cases s(Z) 2 for all Z ∈ C .
Proof. By Proposition 6.2, C is a regular component and s : C→ N is a D trΛK -invariant
additive function. By [15, Corollary 1], C is isomorphic as a valued translation quiver
with some ZΓ . In particular, the valued subquiver S of C corresponding to (0,Γ ) has the
following properties:
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[D trΛK Y ]→ [X] is an arrow in S;
(ii) if [X] ∈ S there is not a pair of arrows in S of the form [D trΛK Y ]→ [X]→ [Y ].
For the valued quiver S for any pair [X], [Y ] of vertices of S we put a(X,Y )= a(α) if
there is an arrow α : [X] → [Y ] in S and zero otherwise. We also put a′(X,Y )= a′(α) in
case there is an arrow α : [X] → [τ−1Y ], otherwise we put zero. We denote by S0 the set
of vertices of S .
Following [7], we define the Cartan matrix C of S as a function from S0 × S0 →N by
C([X], [X])= 2 and for [X] = [Y ], C([X], [Y ])=−a(X,Y )− a′(Y,X).
We can now consider the restriction of s to S0, s : S0 → N. Now for [X] ∈ S0 by the
properties (i) and (ii) of S , the almost split sequence starting in X has the form:
0→X→
⊕
[Y ]∈S
a(X,Y )Y ⊕
⊕
[Y ]∈S
a
(
X,τ−1Y
)
τ−1Y → Z→ 0,
where τY =D trΛK Y , τ−1Y = trDΛKY .
But s is D trΛK -invariant additive, then:
2s
([X]) =
∑
[Y ]∈S
a(X,Y )s
([Y ])+
∑
[Y ]∈S
a
(
X,τ−1Y
)
s(Y )
=
∑
[Y ]∈S
(
a(X,Y )+ a′(Y,X))s([Y ]).
Therefore, for all [X] ∈ S we have
∑
[Y ]∈S
C(X,Y )s
([Y ])= 0.
Consequently, the function s : S0 → N is an additive function for the Cartan matrix C.
Therefore, by [7, Theorem 1] Γ ∼= A∞,A∞∞,B∞,D∞. By Lemma 6.1, A∞∞ and C∞ are
excluded. This proves the first part of our result.
For the second part assume Γ =D∞, then we may take S as
[G]
↘
[E2] → [E3] → [E4] → · · ·
↗
[Z]
By Proposition 5.1 G is not A-periodic, thus by Lemma 6.2, s([G])= s([Z])= 1, then
we must have s([E2]) = 2 and then 2 = s([E3]) = s([E4]) = · · · . The same argument
works for B∞. ✷
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modules, free finitely generated over Γ , such that
(i) L0 ⊗Γ K ∼= L, L1 ⊗Γ K ∼=D trΛK L;
(ii) for λ ∈ S(Γ ), L1 ⊗Γ Sλ ∼=D trΛ(L0 ⊗Γ Sλ).
Proof. Take a minimal projective presentation for L, PK f→QK g→ L→ 0. We have the
exact sequence: 0 → D trΛK L u→ F(P)K
Fk(x)(f )−−−−→ F(Q)K . Now f =∑j fj ⊗ aj with
fj : P →Q. Then FK(f )=∑j F (fj )⊗ aj .
There is a rational algebra Γ with aj ∈ Γ and exact sequences:
PΓ
f0−→QΓ g0−→ L0 → 0, 0→L1 u0−→ F(P)Γ F
Γ (f0)−−−→ F(Q)Γ
with L0, L1, ΛΓ -modules free finitely generated over Γ , f0 =∑j fj ⊗ aj , FK(f0) =∑
j F (fj )⊗ aj . Then L0 ⊗Γ K ∼= L, L1 ⊗Γ K ∼= D trKΛ L. For λ ∈ S(Γ ) we obtain the
exact sequences:
PΓ ⊗Γ Sλ f0⊗1−−→QΓ ⊗Γ Sλ g0⊗1−−→ L0 ⊗Γ Sλ → 0,
0→ L1 ⊗Γ Sλ u0⊗1−−→ F(P)Γ ⊗Γ Sλ F
Γ (f0)⊗1−−−−−→ F(Q)Γ ⊗Γ Sλ.
The morphism f0 ⊗ 1 is isomorphic to f (λ) = ∑j fjaj (λ). The morphism FΓ ⊗ 1
is isomorphic to FΓ (f0)(λ) = ∑j F (fj )aj (λ) = F(f0(λ)). Therefore, L1 ⊗Γ Sλ ∼=
D trΛ(L0 ⊗Γ Sλ). ✷
Definition 6.1. Suppose H ∈modΛK and Γ is a rational k-algebra, we will say that H is
Γ -realizable if there is a Λ-Γ -bimodule H0, free finitely generated over Γ such that
(i) H0 ⊗Γ K ∼=H as Λ-K-bimodules;
(ii) for all λ ∈ S(Γ ), H0 ⊗Γ Sλ is indecomposable;
(iii) if λ = µ are in S(Γ ) then H0 ⊗Γ Sλ  H0 ⊗Γ Sµ. The bimodule H0 is said to be
a Γ -realization of H . IfH is Γ -realizable for some Γ we will say thatH is realizable.
Lemma 6.3. Suppose Γ = k[x]h(x) and Γ ′ = k[x]h(x)g(x). Then if H0 is a Γ -realization of
H ∈modΛK , H1 =H0 ⊗Γ Γ ′ is a Γ ′-realization of H .
Proof. H1 is free finitely generated over Γ ′. For λ ∈ S(Γ ′)⊂ S(Γ ) we have H1 ⊗Γ ′ Sλ ∼=
H0 ⊗Γ Sλ, and then conditions (i), (ii), (iii) of definition hold for H1. ✷
Proposition 6.4. If H ∈modΛK is realizable, then D trΛK H is also realizable. Moreover,
there are Γ -realizations H0 and H1 of H and D trΛK H , respectively, for some rational
algebra Γ , such that for all λ ∈ S(Γ )
D trΛK (H0 ⊗Γ Sλ)∼=H1 ⊗Γ Sλ.
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conditions (i), (ii), and (iii) of Definition 6.2. On the other hand, there is a rational
k-algebra Γ2 and Λ-Γ2-bimodulesN1, N2 free finitely generated over Γ2 realizations of H
and D trΛK H , respectively such that the condition (ii) of Proposition 6.2 holds. Suppose
Γ1 = k[x]h(x), Γ2 = k[x]g(x), consider Γ3 = k[x]h(x)g(x). Then
(N1 ⊗Γ2 Γ3)⊗Γ3 K ∼=H ∼=M ⊗Γ1 K ∼= (M ⊗Γ1 Γ3)⊗Γ3 K.
Thus, there exists a Γ = k[x]h(x)g(x)t (x) such that
(N1 ⊗Γ2 Γ3)⊗Γ3 Γ ∼= (M ⊗Γ1 Γ3)⊗Γ3 Γ ∼=M ⊗Γ1 Γ.
Take now H0 =M ⊗Γ1 Γ , H1 = N2 ⊗Γ2 Γ . By our previous lemma H0 is a Γ -reali-
zation of H . Moreover, for λ ∈ S(Γ )⊂ S(Γ2)
H1 ⊗Γ Sλ ∼=N2 ⊗Γ2 Sλ ∼=D trΛ(N1 ⊗Γ2 Sλ),
now,
N1 ⊗Γ2 Sλ ∼= (N1 ⊗Γ2 Γ3)⊗Γ3 Γ ⊗Γ Sλ ∼=H0 ⊗Γ Sλ.
Therefore, for all λ ∈ S(Γ ), H1 ⊗Γ Sλ ∼=D trΛ(H0 ⊗Γ Sλ). From here we can see that
conditions (ii) and (iii) of Definition 6.1 are hold for H1, therefore H1 is a Γ -realization of
D trΛK H . ✷
Let Λ be a finite-dimensional algebra of tame representation type over an algebraically
closed field k and G a generic Λ-module. We recall that in this case a realization in the
sense of [5] of G over R a commutative principal ideal domain which is finitely generated
over k, is a finitely generated Λ-R-bimodule M such that if F is the quotient field of R,
then G∼=M ⊗R F and dimF (M ⊗R F)= el(G).
Proposition 6.5. Let Λ be a finite-dimensional algebra of tame representation type over
an algebraically closed field k. Suppose L ∈ modΛK with ΛL indecomposable and
dimK EndΛ(L)/ rad EndΛ(L)= 1, then L is realizable and D trΛK L∼= L.
Proof. Since dimK L and dimK ΛK are finite, there is a rational algebra Γ0 ⊂ K and
a Λ-Γ0-bimodule M free finitely generated over Γ0 such that L ∼= M ⊗Γ0 K . From
Lemma 5.1 we obtain el(ΛL) = dimK L, then M is a realization in the sense of [5] of
ΛL over Γ .
On the other hand, by (i) and (ii) of [5, Theorem 5.4] there is a rational algebra Γ1 ⊂K
and a realization in the sense of [5] N of ΛL over Γ1 such that N is free over Γ1 and the
functor N ⊗Γ1 − preserves isomorphism classes and indecomposability.
By [5, Lemma 5.2(3)] there are rational algebras Γ2, Γ3, and an isomorphism φ :
Γ2 → Γ3 such that Γ0 ⊂ Γ2, Γ1 ⊂ Γ3, and M ⊗Γ0 Γ2 ∼= (N ⊗Γ1 Γ3)φ . Then for λ ∈ S(Γ2)
we have
(M ⊗Γ0 Γ2)⊗Γ2 Sλ ∼=
(
(N ⊗Γ1 Γ3)⊗Γ3 (Sλ)φ−1
)
.φ
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L1 of L and D trΛK L, respectively, with D trΛ(L0 ⊗Γ Sλ) ∼= L1 ⊗Γ Sλ, for λ ∈ S(Γ ).
Here by Lemma 5.2, dimK F(ΛD trΛK L) = dimK F(ΛL), therefore L0 and L1 are
realizations in the sense of [5] of ΛL and ΛD trΛL. The infinitely many nonisomorphic
objects L0 ⊗Γ Sλ have the same k-dimension, therefore by [4], for almost all λ ∈ S(Γ ),
L0 ⊗Γ Sλ ∼= D trΛ(L0 ⊗Γ Sλ) ∼= L1 ⊗Γ Sλ, but by [5, Lemma 5.2 (4)] this implies our
result. ✷
As a consequence of the above proposition we obtain a new proof of the following result
in [11].
Theorem 6.2. Let Λ be a finite-dimensional algebra of tame representation type, over an
algebraically closed field k. Then if H is a generic module in ModΛ, A(H)∼=H .
Proof. By [5] there is a decomposition EndΛ(G) = k(x) ⊕ rad EndΛ(G), using this
decomposition H has a structure of ΛK -module G, with dimK F(ΛH) = 1, then from
the previous proposition we have: A(H)∼= ΛD trΛK G∼= ΛG=H . ✷
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